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INTRODUCTION 
Let k be an algebraically closed field. An a@e algebraic monoid E is an 
affme algebraic variety, defined over k, together with an associative 
morphism m: E X E + E and a two-sided unit 1 E E for m. In categorical 
terminology, an afftne algebraic monoid is a representable functor from the 
category of afftne varieties to the category of monoids. 
Algebraic group theory is concerned mainly with reductive groups and 
their representations whereas the theory of monoids is concerned largely with 
von Neumann regular monoids. The main result of this paper provides a 
fundamental link between these two objects. 
THEOREM 3.1. Suppose E is an irreducible aflne algebraic monoid such 
that G(E), the group of invertible elements of E is a reductive algebraic 
group. Then E is a von Neumann regular monoid. 
The proof is based on two results: (2.5) If E is an irreducible, afftne, 
algebraic monoid, then there exists a reductive, irreducible, algebraic monoid 
E’ which has a completely reducible, faithful rational representation, and a 
dominant morphism p: E + E’ which induces an isomorphism on maximal 
irreducible D-submonoids. (2.2) If 01:x-+ Y is a morphism of normal 
irreducible affine varieties such that a: a- ‘(Y - v) + Y - V is an 
isomorphism for some VC Y, codim, V> 2, then a is an isomorphism. 
Theorem 3.1 has been proved by Putcha [7J in characteristic zero, using 
some of his clever “elementary” computations and Weyl’s theorem on the 
complete reducibility of rational representations. The main ideas of Putcha’s 
proof have survived in my treatment, even though Weyl’s theorem is not true 
in general. For the sake of completeness, I have included part of Putcha’s 
argument. 
Section 4 is a record of some of the direct consequences of Theorem 3.1. 
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Theorem 4.1 generalizes a well known theorem of ring theory. Theorem 4.2 
asserts the existence of a categorical quotient monoid under the action of the 
unipotent radical of G(E). Theorem 4.3 reafftrms an important motif in the 
study of reductive algebraic monoids. That is, “To what extent can the 
structure of E be visibly reflected via its maximal, closed, irreducible D- 
submonoids?” 
1. NOTATION AND TERMINOLOGY 
Let k be an algebraically closed field. An aflne algebraic monoid E is an 
afftne algebraic variety defined over k, together with an associative 
morphism m: E X E -+ E and a two-sided unit 1 E E for m. 
If E is an afIine algebraic monoid then G(E)= {xEE/x-’ E E) is an 
afftne algebraic group [4] and G(E) 5 E is an open subset in the Zariski 
topology. E”, the irreducible component of 1, is the unique maximal closed, 
irreducible submonoid of E. 
An affine variety is completely determined by its k-algebra of regular 
functions. So, an affirm algebraic monoid (E, m, l), is determined by 
morphisms d: k[E] + k[E] @ k[E] and e: k[E] + k such that, 
and 
(d@l)od=(l@d)od 
(noe,l)od=(l,noe)od= 1 
where n: k+ k[E] is the unit of the, k-algebra of k[E]. k[E] is thus a k- 
bialgebra. The functor E -+ k[E] is an equivalence between the category of 
afftne algebraic monoids and the category of finitely generated k-bialgebras. 
Let E be an irreducibIe affine algebraic monoid. x E E is semi-simple if 
x E 2, the closure in E of some maximal torus T of G(E) (equivalently, if 
p(x) is a semi-simple ndomorphism of V, ‘for any rational representation 
p: E + End(V) of E). 2 is a D-monoid (diagonalizable). X(Z) = Hom(Z, k) 
is the set of characters of Z. If E is an irreducible, afftne, algebraic monoid, 
a maximal D-submonoid Z E E is an irreducible, closed D-submonoid of 
maximal dimension (i.e., the closure in E of a maximal torus of G(E)). Z is 
determined to within an isomorphism by the finitely generated, commutative 
monoid X(Z). 
An irreducible algebraic monoid E is reductive if G(E) is a reductive 
algebraic group. 
If e = e2 E E let G(e) denote the (algebraic) group of invertible elements of 
the algebraic monoid eEe (e is the identity element of eEe). 
I(E) = {e E EJe* = e). E is regular if for all x E E there exists g E G(E) and 
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e E I(E), such that x = ge. E is von Neumann regular if for each x E E there 
exists a E E such that xax = x. 
It is a consequence of [5, Theorem 131 that an irreducible algebraic 
monoid E is regular if and only if it is von Neumann regular. Thus, I have 
often taken the liberty of using the definition that is most convenient. 
For a survey of many of the known results on algebraic monoids the 
reader should consult [6]. A systematic treatment of some of the 
fundamental topics has been initiated in [8]. 
2. PRELIMINARY RESULTS 
The purpose of this section is to assemble and develop the tools necessary 
for the proof of Theorem 3.1. The main idea of Theorem 3.1 is to apply 
Lemma 2.2 to the morphism p constructed in Theorem 2.5. 
2.1. ZARISKI'S MAIN THEOREM [3, p. 4141. Let f: X + Y be a dominant 
morphism of irreducible varieties. Suppose that every fibre off is finite. Then 
there exists a factorization off, f =f’ 0 j, where j: X q Y’ is an open 
imbedding and f ‘: Y’ + Y is a finite morphism. 
COROLLARY. If f: X--f Y, as in Theorem 2.1, is birational, and Y is a 
normal variety then f is an open imbedding. 
2.2. CODIMENSION 2 LEMMA [2, p. 2391. Suppose X is a normal aflne 
variety and V is a closed subset of codimension larger than or equal to two. 
Then any morphism from X - V to an a@ne variety extends uniquely to X. 
2.3. PROPOSITION. Let E be an irreducible algebraic monoid and let T be 
a maximal torus. Suppose for x, y E X, the closure of T, there exists g E G 
such that gxg- ’ = y. Then there exists w E N(T) (normalizer) such that 
wxw-I = y. 
Proof g- ‘Tg and T are contained in CG(x)‘, the identity component of 
the centralizer of x in G(E). Thus there exists z E CG(x)’ such that 
zg-‘Tgz-’ = T. But then zg-’ EN(T), yet (zg-‘)-I x(zg-‘) =gxg-’ = y. 
If x E E is semi-simple then it follows from [4, Theorem 1.81 that x is in 
the closure of some maximal torus. Thus, by Proposition 2.3 the semi-simple 
conjugacy classes are canonically parametrized by X/W. 
2.4. LEMMA. Suppose G is an algebraic group and p: G + Gl(V) is a 
rational representation such that V is a completely reducible G-module. Then 
the unipotent radical of G is contained in the kernel of p. 
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Proof Without loss of generality we may assume that V is a simple G- 
module. Let R(G) be the unipotent radical of G and let W be the invariants 
of R(G) in V. Since R(G) is unipotent group, W is non-zero and since R(G) 
is a normal subgroup, W is a G-submodule of I/. Thus W = V. 
2.5. THEOREM. Suppose E is an irreducible algebraic monoid. Then there 
exists an irreducible reductive algebraic monoid E’ and a morphism 
p: E + E’ such that 
(i) p is dominant. 
(ii) kernel @) = R(G), the unipotent radical of G. 
(iii) If T is a maximal torus of G(E) such that p(T) = T’ then 
p: X-1 X’ is an isomorphism, where X and X’ are the closures of T and T’, 
respectively. 
(iv) E’ has a faithful, completely reducible representation. 
Proof There exists a representation a: E -+ End(V) such that a is a 
closed imbedding [ 1 J. Let F be a composition series of the E-module V. 
Thus, F is a linearly ordered collection of E-stable subspaces {V(i)} of V 
such that V(i + l)/V( ) i is a simple E-module for all i. Let End(V, F) = 
{frCEnd(V)]f(V(i))E V(i) f or all i}. Thus, by definition of F, a factors 
through the inclusion End(V, F) G End(V). There is a canonical morphism 
q: End( V, F) + End(Gr( V)), w ere h Gr(?/) is the graded object associated 
with the filtration F of K By Lemma 2.4, R(G) is in the kernel of q 0 a. 
Thus, R(G) = ker(q o a) since ker(q o a) is normal and unipotent. Since q is 
a morphism of algebras with nilpotent kernel, q restricts to an isomorphism 
on the level of maximal D-submonoids. Thus, it follows that the Zariski 
closure of q 0 a(E) in End(Gr(V)) satisfies conclusions (i)-(iv) of the 
theorem. 
2.6. COROLLARY. Suppose E is a regular algebraic monoid with 0. Then 
E is reductive. 
Proof. If E is not reductive, let p: E + E’ be as in Theorem 2.5. Then by 
the basic results of dimension theory, dim ~~‘(0’) > 0. So let x E ~~‘(0’) be 
non-zero. If E is regular then there exists a E E such that xax = x. But then 
xa = (xa)’ is non-zero. So ~~‘(0’) contains non-zero idempotents. This is 
impossible by Theorem 2S(iii) since by [4, Theorem 1.81, every idempotent 
is an element of the closure of some maximal torus. This contradiction 
implies that E is not regular. 
The following proposition is due to M. Putcha. 
2.7. PROPOSITION [7, Theorem 1.41. Let E be an irreducible algebraic 
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monoid with group of units G. Let e E I(E) and let 
E(e)={xEE]xe=ex=e}O. Then GE(e)G={aEE]eEEaE}. 
2.8. LEMMA. Let E be a reductive monoid and let E(e) be as in 
Proposition 2.7 above. Then E(e) is reductive. 
Proof. CG(e) = { g E G 1 ge = eg} is reductive since the conjugacy class 
of e is closed. Now CG(e) -+ G(e), g c, eg, is a morphism of algebraic 
groups. Thus G(E(e)) is reductive since it is the identity component of the 
kernel of this map. 
2.9. LEMMA. Suppose E is a regular irreducible algebraic monoid with 0. 
Let N = (x E E 1 x is nilpotent }. Then N is a closed subset of codimension 
larger than or equal to two. 
Pro@ Clearly, N is closed in E. Since E is regular it has no non-trivial 
ideals consisting entirely of nilpotent elements. But every closed irreducible 
subset of E - G of codimension one in E is a maximal irreducible 
component of E - G. Furthermore, each maximal irreducible component of 
E - G is an ideal because E is irreducible. 
2.10. LEMMA. Suppose p: E + E’ is a finite dominant morphism of 
irreducible algebraic monoids with 0. If E’ has no non-zero nilpotent ideals 
then E has no non-zero nilpotent ideals. 
Prooj If V is a nilpotent ideal of E then X, the closure of p( v) in E’, is a 
nilpotent ideal (since p is dominant). Thus, by assumption, V is contained in 
p-‘(O), which is finite. It follows that V= (0). 
3. THE MAIN THEOREM 
3. ~.THEOREM. Suppose that E is an irreducible reductive algebraic 
monoid. Then E is regular. 
Proof: We may assume that E is a normal variety since the 
normalization of an algebraic monoid is an algebraic monoid and the image 
of a regular monoid is regular. Assume also, for the moment, that E has a 
zero, and inductively that all reductive monoids of dimension less than 
dim(E) are regular. Now, as in Theorem 2.5, there exists a morphism 
p: E + E” such that p is generically finite-to-one and dominant, and E” has a 
faithful completely reducible representation. Further, if X and X” are the 
closures of respective maximal tori, then p: X-+X” is an isomorphism. Let 
E’ be the monoid associated with the integral closure of k[E”] in k[E]. (It is 
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a routine exercise to prove that k[E’] is a k-bialgebra.) Thus, we have 
a: E -+ E’ birational and ,& E’ + E” finite and dominant with /I 0 a =p. 
Let f: E” C, End(V) be a faithful completely reducible representation. 
Assume that there exists a nilpotent ideal N of E” and let t > 0 be its index 
of nilpotency. Let W be the subspace of V spanned by NV. Clearly the index 
of nilpotency of N restricted to W is t - 1. Thus W is a proper subspace of 
V. Further, W is E”-invariant since EN is contained in N. Since V is 
completely reducible, there exists a subspace U of V such that V= U @ W, 
and U is El/-stable. But by definition of W, NU is contained in W. Thus 
NU = {0} since U and W are complementary. Thus N has index of 
nilpotency t - 1. This contradiction proves that E” has no non-zero nilpotent 
ideals. It follows easily that E” can have no ideals consisting entirely of 
nilpotent elements. Let z E E” be an arbitrary element. Then E”zE” contains 
non-nilpotent elements. Thus there exists a non-zero idempotent eE E”zE”. 
By Proposition 2.7 there exists g, h E G such that gzh E E”(e). But E”(e) is 
reductive (by Lemma 2.8) and of dimension strictly less than dim E”. Hence 
inductively E”(e) is regular, so there exists u, u E G(E)) such that ugzhu = 
f =f ‘. Thus E” is regular. Now /I: E’ -+ E” is finite and dominant so by 
Lemma 2.10, E’ has no non-zero nilpotent ideals. Thus E’ is regular as well 
by the same argument. 
Consider the morphism a: E + E’. Recall that a is birational and induces 
an isomorphism a: X+ X’ on maximal irreducible D-submonoids. Clearly, if 
N and N’ are the respective sets of nilpotent elements of E and E’, then 
a-‘(N’)=N. Thus, a induces a:E-N+E’-N’. Let eEE-N be an 
idempotent. Then e is in the closure of CG(e)’ = CG(e). Now a restricts to a 
morphism a: CG(e) + CG’(a(e)). Restricting a to the closure of respective 
maximal tori yields an isomorphism. Thus, a also induces an isomorphism 
on Weyl groups (of CG(e) and CG’(a(e))). It follows that a: CG(e)+ 
CG’(a(e)) is bijective and hence, a: Cl(e) --f Cf(a(e)) is bijective as well 
(since CZ(e) = G/CG(e)). Thus, a is one-to-one when restricted to idem- 
potents, since by Proposition 2.3, a preserves the conjugacy classes of idem- 
potents. 
Now suppose that a(x) = a(e) for some x E: E-N. Thus, a(e(x)) = 
e(a(x)) = a(e) (e(x) is the “largest” idempotent that commutes with x). So, 
e(x) = e, since a is one-to-one when restricted to idempotents. By 
Proposition 2.7, and the induction hypothesis, x E E is a regular element. So, 
there exists g, h E G(E) such that gxh =f is an idempotent. But then, 
a(g) a(e) a(h) = a(g) a(x) a(h) = a(J). Hence, by [5, Theorem 131, a(e) 
and a(f) are conjugate. Thus, e and f are conjugate, since a preserves 
conjugacy. Thus, we may assume that gxh = e = e(x). It follows that 
x E G(e) because in any representation of E, rank(x) = rank(e). 
By the proof of Lemma 2.8, eEe is reductive. Thus we have a: eEe --+ 
a(e) E’s(e) such that 
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(9 a is dominant. 
(ii) a is one-to-one when restricted to the closure of a maximal torus. 
(iii) eEe is reductive. 
It follows from the induction hypothesis that aleEe is finite-to-one. Thus, 
since a-‘(a(e)) is contained in G(e), a-‘(a(e)) is finite. Since every element 
of E’ - N’ is a unit times an idempotent, it follows that a: E - N+ E’ -N’ 
is finite-to-one. Hence, a: E - N + E’ - N’ is onto and finite-to-one because 
E’ is regular. By the Corollary of 2.1, a induces an isomorphism of E - N 
onto E’ -N’. Let U’ = E’ -N’. Identifying U’ with E -N via a we have a 
morphism U’ + E. Thus by Lemma 2.2 there is a unique morphism f: 
E’ + E extending U’ 4 E (recall that the codimension of N’ in E’ is larger 
than one). Thus a is an isomorphism because a 0 f = 1. So E is regular. 
Now assume that E is reductive but does not necessarily have a zero. Let 
e E I(E) be a minimal idempotent and let x E E. Then without loss of 
generality xe = ex = ke for some k E G(E). But then by Proposition 2.7 there 
exists g, h E G(E) such that gxh E E(e). By definition, e E E(e) is the zero of 
E(e). Further, by Lemma 2.8, E(e) is reductive. Thus, by the above 
argument, E(e) is regular. Hence, there exist u, u E G(E(e)) such that ugxhu 
is an idempotent of E(e). But then E is regular. 
4. CONSEQUENCES OF THEOREM 3.1 
4.1. THEOREM. Let E be an irreducible algebraic monoid with zero. Then 
the following are equivalent. 
(i) E is regular. 
(ii) E is reductive. 
(iii) E has no non-trivial nilpotent ideals. 
Proof. Corollary 2.6 and Theorem 3.1. 
4.2. THEOREM. Suppose E is an irreducible, aJ%e algebraic monoid. 
Then there exists a reductive, algebraic monoid E’ and a morphism 
p: E --f E’ such that 
(i) p is dominant. 
(ii) ker@) = R(G(E)). 
(iii) p is universal for morphisms of algebraic monoids vanishing on 
R (G(E))- 
Remark. The non-triviality of Theorem 4.2 is that E’ is an algebraic 
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variety. Universal morphisms of the above type are easily constructed in the 
afline scheme category. 
ProoJ Let R = k[EIN ( invariants of the linear action induced by right 
translation of N on E), where N = R(G(E)). It is easily verified that the 
morphism p: E + E’ = Spec(R), dual to the inclusion R + k(E], satisfies 
(i j(iii) above. Further, it follows that p induces an isomorphism on the 
closures of respective maximal tori. Thus, if u: E -+ E” is any of the 
morphisms constructed in Theorem 2.5 from a faithful representation of E, 
there exists a unique morphism u’: E’ -+ E” such that u’ o p = o; and this u’ 
has finite degree. Hence, by the proof of Theorem 3.1, u’ is finite-to-one and 
onto. It follows from Theorem 2.1 that u’ is a finite morphism. Thus, E’, the 
universal monoid scheme, is actually an algebraic variety. 
If E is a reductive monoid with unit group G we obtain the group action 
defined by p( g, h, x) = gxh - ‘. By [5, Theorem 131 and Theorem 3.1 above, 
the orbits of p are precisely the regular Y-classes p(E) of E (see [lot. cit.] 
for a penetrating discussion of Green’s relations on a connected algebraic 
monoid). 
4.3. THEOREM. Let E be a reductive, irreducible, afine, algebraic monoid 
and let X E E denote the closure in E of a maximal torus T Cr G(E). Let W 
be the Weyl group of T and I(X) the set of idempotents of X. Then the 
mapping 
p: I(X)/ W + g(E) 
p(Cl,(e)) = GeG, f ram conjugacy classes to regular Y-classes, is bijective. 
Proof. By [5, Theorem 131, p is injective and by Theorem 3.1 above, p is 
surjective. 
4.4. Vista. In [9] the set of normal, irreducible, algebraic monoids with 
group of units G&(k), Sl,(k) Xk* or PGl,(k) Xk* is determined numerically. 
The preliminary discussion requires Theorem 3.1 to prove that a certain 
computable task exhausts the possibilities. 
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